We study Gaussian quantum steering and its asymmetry in the background of a Schwarzschild black hole. We present a Gaussian channel description of quantum state evolution under the influence of the Hawking radiation. We find that thermal noise introduced by Hawking effect will destroy the steerability between an inertial observer Alice and an accelerated observer Bob who hovers outside the event horizon, while it generates steerability between Bob and a hypothetical observer anti-Bob inside the event horizon. Unlike entanglement behaviors in curved spacetime, here the steering from Alice to Bob suffers from a "sudden death" and the steering from anti-Bob to Bob experiences a "sudden birth" with increasing Hawking temperature. We also find that the Gaussian steering is always asymmetric and the maximum steering asymmetry cannot exceed ln 2, which means the state never evolves to an extremal asymmetry state. Furthermore, we obtain the parameter settings that maximize steering asymmetry and find that (i) s = arccosh(
I. INTRODUCTION
Einstein-Podolsky-Rosen steering [1, 2] , an intermediate type of quantum correlation between entanglement and Bell nonlocality, has recently attracted renewed interest [3] [4] [5] [6] [7] [8] [9] [10] [11] . Steering is a quantum phenomenon that allows one to manipulate the state of one subsystem by performing measurements on the other entangled subsystem. After being realized by Schrödinger [1, 2] , the concept of quantum steering was studied by Einstein, Podolksy and Rosen (EPR) in their well-known 1935 paper [12] , and was treated as the core concept of the EPR paradox [13] . The experimental detection of quantum steering, i.e., for the demonstration of the EPR paradox, was first proposed by Reid [14] . After which, several experiments were performed to demonstrate quantum steering and its asymmetry [15] [16] [17] [18] . Most recently, Kogias et al. [19] proposed an operational measure of quantum steering for bipartite Gaussian states of continuous variable systems. They found that for two-mode Gaussian states, the quantum steering reduces to a form of coherent information and the asymmetry of steering cannot exceed ln 2 [19] .
On the other hand, relativistic quantum information [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , the study of quantum information processes and concepts in a relativistic setting, has been a blooming area of research for both conceptual and experimental reasons. Understanding quantum phenomena in a relativistic framework is necessary because the realistic quantum systems are essentially nonin-ertial. It was experimentally demonstrated that the gravitational frequency shift (GFS) effects have a remarkable influence on the precision of atomic clocks for a variation of 0.33m in height [34] . In addition, relativistic effects of the Earth notably affect satellite-based quantum information processing tasks [35] [36] [37] and quantum clock synchronization [38] . Quantum information also plays a prominent role in the study of the thermodynamics and information loss problem [40, 41] of black holes. Therefore, it is of great interest to study how relativistic effects influence the properties of quantum steerability [39] in a curved spacetime.
In this work we present a quantitative investigation of Gaussian quantum steerability for free bosonic modes in the background of an eternal Schwarzschild black hole [27] . We assume that Alice and Bob initially share a two-mode squeezed Gaussian state with squeezing s [22] . Alice is a Kruskal observer who stays stationary at an asymptotically flat region (or freely falls into the black hole), while Bob is a Schwarzschild observer who hovers near the event horizon of the black hole with uniform acceleration. A vacuum state observed by Alice would be detected as a thermal state from Bob's viewpoint. From a general relativity viewpoint, the temperature T of the Hawking thermal bath depends on surface gravity κ of the black hole. In a quantum information scenario, such a process can be described as a bosonic amplification channel acting on Bob's quantum state [22, 23] . We will calculate the Gaussian quantum steering G A→B , which quantifies to what extent Bob's mode can be steered by Alice's measurements, and the steering G B→A , to verify the asymmetric property of steerability in the curved spacetime. We find that the quantum steerability between Alice and Bob decreases with the increase of the Hawking temperature parameter r, while the the steerability between Bob and anti-Bob segregated by the event horizon is generated at the same time. We also find that the attainment of maximal steering asymmetry indicates the transition between one-way steerability and both-way steerability for two-mode Gaussian states under the influence of Hawking radiation.
The outline of the paper is as follows. In Sec. II we briefly introduce the definition and measure of bipartite Gaussian quantum steering. In Sec. III we discuss how the UnruhHawking effects of the black hole can be described by a bosonic amplification channel acting on the covariance matrix of a bipartite system. In Sec. IV we study the behavior of Gaussian quantum steering and its asymmetry in background of a Schwarzschild black hole. The last section is devoted to a brief summary.
II. DEFINITION AND MEASUREMENT OF GAUSSIAN QUANTUM STEERING
Let us first briefly introduce the definition and measurement of Gaussian quantum steering. We consider a continuous variable quantum system [42] represented by (n + m) bosonic modes of a bipartite system ρ AB , composed of a subsystem A of n modes and a subsystem B of m modes. For each mode i, the corresponding phase space variables can be denoted byâ
. The phase-space
can be grouped together into a vector
T , which satisfies the canonical commutation relations [R i ,R j ] = iΩ ij , with Ω = n+m 1 0 1 −1 0 being the symplectic form. Any Gaussian state ρ AB is completely specified by its first and second statistical moments. The latter is a covariance matrix with elements σ ij = Tr {R i ,R j } + ρ AB and can always be put into a block form
The covariance matrix σ AB tcan describe a physical quantum state if and only if (iff ) it satisfies the bona fide uncertainty principle relation
Now let us give the definition of steerability. After Alice performs a set of measurements M A , the bipartite state ρ AB is A → B steerable (i.e., Alice can steer Bob) iff it is not possible for every pair of local observables R A ( on A with outcome r A ) and R B , to express the joint probability as P (r A , r B |R A , R B , ρ AB ) = λ ℘ λ ℘ (r A |R A , λ) P (r B |R B , ρ λ ) [3] . In other words, at least one measurement pair (R A and R B ) is required to violate this expression when ℘ λ is fixed across all measurements. Here ℘ λ and ℘ (r A |R A , λ) are probability distributions and P (r B |R B , ρ λ ) is the conditional probability distribution associated to the extra condition of being evaluated on the state ρ λ . It has been shown in [3] that a general (n + m)-mode Gaussian state ρ AB is A → B steerable by Alice's Gaussian measurements iff the condition
is violated. Henceforth, a violation of (3) is necessary and sufficient for the Gaussian A → B steerability. One can define the Gaussian A → B steering to quantify how much a bipartite Gaussian state σ AB is steerable by the measurements performed by Alice
where {ν B j } are the symplectic eigenvalues of the Schur complement of A in the covariance matrix σ AB [19] .
The A → B steering vanishes iff the state described by σ AB is nonsteerable by Alice's measurements, and it generally quantifies the amount of by which the condition (3) fails to be fulfilled. The Gaussian steerability A → B acquires a particularly simple form when the steered party Bob has one mode only (i.e., m = 1) [19] 
where
is the Rényi-2 entropy [43] . Similarly, a corresponding measure of Gaussian B → A steerability can be obtained by swapping the roles of A and B, resulting in an expression like Eq. (5). Unlike quantum entanglement, the quantum steering is an asymmetric property [19] : a quantum state may be steerable from Alice to Bob, but not vice versa. In a quantum information scenario, quantum steering corresponds to the task of entanglement distribution by an untrusted party [3] . If Alice and Bob share a state that is steerable from Alice to Bob, then Alice is able to convince Bob (who does not trust Alice) that their shared state is entangled by performing local measurements and classical communication [3] .
III. BOSONIC AMPLIFICATION CHANNEL DESCRIPTION OF THE HAWKING EFFECT
In this section we will show how the Unruh-Hawking radiation of the black hole can be described by a bosonic amplification channel [23] , which is a Gaussian channel. The spacetime background near a Schwarzschild black hole is described by the metric
where M represents the mass of the black hole. Throughout this paper we set G = c = = κ B = 1.
In the background of the black hole, a massless bosonic field φ obeys the Klein-Gordon(K-G) equation [44] 
Solving Eq. (7) near the event horizon, we obtain a set of positive-frequency outgoing modes propagating in the regions inside and outside of the event horizon
where u = t − r * and r * = r + 2M ln
2M is the tortoise coordinate in Schwarzschild spacetime.
Eqs. (8) and (9) can be used to expand the scalar field Φ as [27, 29, [45] [46] [47] . Making an analytic continuation for Eqs. (8) and (9), we find a complete basis for positive energy modes, i.e., the Kruskal modes, according to the suggestion of Domour and Ruffini [48] . The Kruskal modes can be used to define the Hartle-Hawking vacuum, which corresponds to the Minkowski vacuum in flat spacetime. Then we can quantize the massless scalar field in the Schwarzschild and Kruskal modes respectively [24, 29] , and can obtain the Bogoliubov transformations [44, 49] between the modes and operators in different coordinates. However, as performed in [46] , an inertial observer Alice has the freedom to create excitations in any accessible mode Ω j , ∀j. Hence, one cannot map a singlefrequency Kruskal mode into a set of single frequency modes in Schwarzschild coordinates [46] . To avoid this obstacle, we employ the Unruh basis which provides an intermediate step between the Kruskal and Schwarzschild modes. The relations between the Unruh and Schwarzschild operators take the form
where sinh r Ω = (e 2πΩ κ − 1)
and κ is the surface gravity of the black hole which relates the Hawking temperature T of the black hole by T = κ/2π .
A generic Schwarzschild Fock state |nm, pq Ω describing both particles and antiparticles can be written as
where the ± sign denotes the particle and antiparticle respectively. This allows us to write the Unruh vacuum as [45, 47] |0
where |0 Ω U is a shortcut notation used to underline that each Unruh mode Ω is mapped into a Schwarzschild mode Ω. One-particle Unruh states are defined as |1 j
The operator c † Ω,U indicates the creation of a pair of particles [29] , i.e., a boson with mode Ω in the exterior region and an antiboson in the interior region of the black hole. Similarly, the create operator d † Ω,U means that an antiboson and a boson are created outside and inside the event horizon, respectively. The particles and antiparticles can radiate randomly toward the inside and outside regions from the event horizon with the total probability |q R | 2 + |q L | 2 = 1. In this situation, |q R | = 1 means that all the particles move toward the black hole exteriors while all the antiparticles move to the inside region [29] ; i.e., only particles can be detected as Hawking radiation. If we fix q R = 1 and assume that Bob has a detector sensitive only to the particle modes, Eq. (13) reduces to
n Ω |nn Ω and can be described by a bosonic amplification channel [23, 46] . Then the effect of Hawking radiation corresponds to a two-mode squeezing operator acting on the input state |ψ 0 out for Bob
whereÛ out,in (r Ω ) = e rΩ(b † Ω,outb † Ω,in −âΩ,outâΩ,in) is the two-mode squeezing operator. Hereafter we write r Ω as r for convenience. It is worth noting that the squeezing transformation U out,in (r) is a Gaussian operation, it will preserve the Gaussianity of the input states. A symplectic phase-space representation of the two-mode squeezing operationÛ out,in (r) has the form 
IV. THE EFFECT OF HAWKING RADIATION ON GAUSSIAN QUANTUM STEERABILITY
In this paper we study a massless scalar field φ for two Unruh modes A and B whose state, as prepared in an inertial frame, is initialized in a pure, entangled Gaussian two-mode squeezed state with squeezing s [22] . The initial state can be described from an inertial perspective, via its covariance matrix
where C 2 = cosh(2s) and S 2 = cosh(2s), and the state is prepared in Unruh modes A and B. From Eq. (14) one can see that the change from Unruh modes to Schwarzschild modes corresponds to a two-mode squeezing operation associating to the symplectic transformation S B,B (r). Under such transformation, mode B is mapped into two sets of Schwarzschild regions, respectively for the exterior region out and interior region in of the black hole. From an inertial viewpoint, the system is bipartite, but an extra set of modesB becomes relevant from the perspective of a Schwarzschild observer. Therefore, a complete description of the system involves three modes, mode A described by Alice, mode B described by the Schwarzschild observer Bob, and modeB by a hypothetical observer anti-Bob confined inside the event horizon. The covariance matrix of the Gaussian state describing the complete system is given by [22] 
where S B,B (r) is the phase-space representation of the twomode squeezing operation, and we use the fact that the covariance matrix of a vacuum state is an identity matrix. Because the exterior region is causally disconnected from the interior region of the black hole, Alice and Bob cannot access modeB inside the event horizon [24] . Taking the trace over modeB we obtain covariance matrix σ AB (s, r) for Alice and Bob we obtain an analytic expression of the A → B Gaussian steering
. (19) From Eq. (19) we can see that the A → B Gaussian steering depends not only the squeezing parameter s, but also the Hawking temperature parameter r, this means that the Hawking radiation of the black hole will affect the A → B steerability because sinh r = (e Ω T − 1)
It is well known that the symmetric properties of quantum steering is a crucial issue. For example it was recently found that the quantum steerability from A to B is asymmetric [19] to the B → A steerability in a Gaussian setting, which has been experimentally demonstrated in [16] in a flat spacetime. To obtain understanding of this issue, we calculate the steerability G B→A and check if the relation G A→B = G B→A is satisfied in the Schwarzschild spacetime. After some calculations the B → A steering is found to be G B→A (σ AB ) = max 0, ln
. To check the degree of steerability asymmetric in the curved spacetime, we define the Gaussian steering asymmetry as
In Fig. (1a) we plot the steerabilities G B→A , G B→A as well as the Gaussian steering asymmetry G ∆ AB as a function of the black hole's Hawking temperature parameter r for a fixed squeezing s = 1. The relation between the parameter r and Hawking temperature T is given in Fig. (1b) which shows that T is a monotonically increasing function of r. From Fig.  (1a) we can see that both the A → B and B → A steering decrease with the increase of Hawking temperature parameter r, which means that the thermal noise introduced by Hawking effect will destroy the steerability between an inertial and an accelerated observer. It is shown that the A → B steering decreases quickly and suffers from a "sudden death" with increasing r, this is quite different from the behavior of quantum entanglement in a relativistic setting [21, 22, 24] , where entanglement reduces to zero only at the limit of r → ∞. It is shown that the B → A steering is always bigger than the A → B steering and avoids "sudden death" with the increase of r, which indicates that the inertial part steers the noninertial part is easier than the noninertial part to steer the inertial part. From Fig. (1a) we can see that G A→B = G B→A for any finite-valued r, which means that the steering is always asymmetric between Alice and Bob in the curved spacetime. The steering asymmetry increases with decreasing steerability either way, which means that the Hawking radiation destroys the symmetry of steerability. We find that the parameter setting maximizing the steering asymmetry of the state σ AB is s = arccosh(
). This condition is the same as that when the A → B steering experiences "sudden death" in Fig. (1a) . That is, the steering asymmetry is maximal when the state is nonsteerable in the A → B way. Therefore, the parameter r attaining the peak of steering asymmetry is that which indicates the system is currently experiencing a transformation from both-way steerability to one-way steerability. In other words, attainment of maximal steering asymmetry indicates the transition between one-way steerability and bothway steerability for two-mode Gaussian states under the influence of Hawking radiation.
To better understand the interplay between squeezing and the Hawking effect in the generation of Gaussian quantum steering, we plot the Gaussian steering asymmetry G ∆ AB as functions of the Hawking temperature parameter r and the squeezing s in Fig. (2) . It is shown that the G ∆ AB equals zero, i.e., the steerability is asymmetric when s = 0 and r → 0 because G A→B = G B→A = 0 in these two cases. The steering asymmetry monotonically increases with increasing squeezing parameter s, which means that the quantum resources shared in the initial state play a dominant role in quantum steering. In addition, the maximal steerability point enlarges its value increasing s.
We then study the steering between mode B and modeB which propagate, respectively, outside and inside the event horizon. Tracing over the modes in A, we obtain the covari- ance matrix σ BB (s, r) for Bob and anti-Bob
where between Bob and anti-Bob can be computed in a similar way.
In Fig. (3) we plot the Gaussian quantum steering and steering asymmetry between Bob and anti-Bob as a function of the Hawking temperature parameter r with fixed squeezing s = 1. It is shown that quantum steerability is generated between Bob and Anti-Bob as the increasing of the Hawking temperature parameter r. The steerability G B→B is nonzero for any r, while the steerability from anti-Bob to Bob appears "sudden birth" behavior with the increase of the Hawking temperature parameter r. It is interesting to find that the maximizing condition for the σ BB steering asymmetry is s = arccosh( cosh 2 r 1−sinh 2 r ), too. Therefore, we arrive at the conclusion that it is a critical point of steering asymmetry in the curved spacetime. Again, the maximal steering asymmetry for the state σ BB is obtained when theB → B steering appears "sudden birth". That is to say, the parameter r attaining the peak ofB → B steering asymmetry is the one that indicates the system is experiencing a transformation from one-way steerability to both-way steerability . Besides, we find that Bob and antiBob can steer each other when the parameter r is bigger than a critical point even though they are separated by the event horizon, this verifies that the quantum steering is a nonlocal quantum correlation. We again find that the quantum steering between Bob and anti-Bob is always asymmetric for any Hawking temperature and the maximum steering asymmetry cannot exceed ln 2, which means that the state never evolves to an extremal state under the effects of Hawking radiation.
Finally, let us present a physical interpretation for the generation of quantum steering across the event horizon. In this paper, anti-Bob is a hypothetical observer inside the event horizon of the black hole. It is well known that Hawking radiation can be explained as the spontaneous creation of particles and antiparticles by quantum fluctuations near the event horizon. The particles and antiparticles will randomly radiate ingoing to and outgoing from the event horizon. If a particle is observed and measured by the observer Bob outside the event horizon, the state of the other antiparticle is steered and might observed by anti-Bob. Therefore, the modeB can be steered by measuring mode B because they are pair generated and shared initial entanglement from the event horizon.
V. CONCLUSIONS
The effect of the Hawking effect on Gaussian quantum steering and its asymmetry in Schwarzschild spacetime are investigated. We consider three subsystems: subsystem A observed by an inertial observer Alice, subsystem B observed by accelerated Bob hovers near the event horizon, and subsystemB observed by an imaginary observer anti-Bob inside the event horizon. We obtain a phase-space description of quantum state evolution under the influence of the thermal bath induced by Hawking radiation. It is shown that quantum steerability between Alice and Bob decrease as the Hawking temperature parameter r increases. That is to say, thermal noise introduced by the Hawking effect will destroy the steerability between an inertial and an accelerated observer. However, the steerability between two observers segregated by the event horizon of the black hole is generated due to the effect of Hawking radiation. It is found that the steering from Alice to Bob suffers from a "sudden death" and the steering from anti-Bob to Bob experiences as sudden birth with the increases of Hawking temperature, which is quite different from the behavior of quantum entanglement in accelerated setting [21, 22] and curved spacetime [24, 29] . It is intriguing to find that the steering is always asymmetric and is endowed with a maximum steering asymmetry for a fixed r, and that the maximum steering asymmetry cannot exceed ln 2 in the curved spacetime. It has been shown that s = arccosh( cosh 2 r 1−sinh 2 r ) is a critical point of steering asymmetry under the influence of Hawking radiation. In addition, the parameters attaining the peaks of steering asymmetry are obtained when the A → B steering experiences "sudden death" or theB → B steering experiences "sudden birth". That is to say, the attainment of maximal steering asymmetry indicates a transition point of the two-mode Gaussian state in the Schwarzschild spacetime. These results should be significant both for giving us more information from a black hole by measuring the Hawking radiation and for our general understanding of quantum steering in a relativistic quantum system.
